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O ■ Abstract 



We study kaonic hydrogen, the bound K^p state Akp- Within a quantum field 

■ theoretic and relativistic covariant approach we derive the energy level displacement 
of the ground state of kaonic hydrogen in terms of the amplitude of K^p scattering 
for arbitrary relative momenta. The amplitude of low-energy K~p scattering near 
threshold is defined by the contributions of three resonances A(1405), A(1800) and 

O \ S''(1750) and a smooth elastic background. The amplitudes of inelastic channels 

of low-energy K~p scattering fit experimental data on near threshold behaviour 
of the cross sections and the experimental data by the DEAR Collaboration. We 
use the soft-pion technique (leading order in Chiral Perturbation Theory) for the 
^ \ calculation of the partial width of the radiative decay of pionic hydrogen At^p n+7 

■ and the Panofsky ratio. The theoretical prediction for the Panofsky ratio agrees well 
with experimental data. We apply the soft-kaon technique (leading order in Chiral 
Perturbation Theory) to the calculation of the partial widths of radiative decays of 
kaonic hydrogen Axp — > A''+7 and Akp — > ^''+7. We show that the contribution of 
these decays to the width of the energy level of the ground state of kaonic hydrogen 
is less than 1%. 
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1 Introduction 



Kaonic hydrogen A^p is an analogy of hydrogen with an electron replaced by the K~ 
meson. The relative stability of kaonic hydrogen is fully due to Coulomb forces PP^IHl- 
The Bohr radius of kaonic hydrogen is 

aB = — = -f^— + —) = 83.594 fm, (1.1) 

where /i = mx-mp/ {rriK- + mp) = 323.478 MeV is a reduced mass of the K~p sys- 
tem, calculated at m^- = 493.677 MeV and rup = 938.272 MeV [IHl, and a = e'^/hc = 
1/137.036 is the fine-structure constant Below we use the units h = c = 1, then 

a = = 1/137.036. Since the Bohr radius of kaonic hydrogen is much greater than the 
range of strong low-energy interactions i?str ~ l/''^7r- = 1.414 fm, the strong low-energy 
interactions can be taken into account perturbatively PP^IHl- 

According to Deser, Goldberger, Baumann and Thirring [Jj the energy level displace- 
ment of the ground state of kaonic hydrogen can be defined in terms of the S-wave 
amplitude /(f ^{Q) of low-energy K~p scattering as follows 

where \l/is(0) = 1/ a/ vra^ is the wave function of the ground state of kaonic hydrogen at 

the origin and ^(0) is the amplitude of K~p scattering in the S-wave state, calculated 
at zero relative momentum Q = of the K~p pair. The DGBT formula can be rewritten 
in the equivalent form 

-ei, + ^^ii = 2aV/(f"'(0), (1.3) 

where 2 a^/i^ = 412.124eVfm~^ and ^(0) is measured in fm. The formula p.3|l is used 
by experimentalists for the analysis of experimental data on the energy level displacement 
of the ground state of kaonic hydrogen [TT] |14j. 

For non-zero relative momentum Q the amplitude ^{Q) is defined by 

/o^"^(Q) = ^ (vr^iQ) e - l) , (1.4) 

where -q^ ^{Q) and 8q ^{Q) are the inelasticity and the phase shift of the reaction K~ + 
p K~ + p, respectively. At relative momentum zero, (5 = 0, the inelasticity and the 
phase shift are equal to r]Q ^(0) = 1 and 5q ^(0) = 0. For Q ^ the phase shift 
behaves as 5g "^(Q) = af''Q + 0{Q^), where ttg ^ is the S-wave scattering length of 
K~p scattering. 

The real part of /q ^(0) is related to 

where Oq and Oq are the S-wave scattering lengths Oq with isospin / = and / = 1, 
respectively. 
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Due to the optical theorem the imaginary part of the amphtude ^(0) is related to 
the total cross section ^{Q) for K~p scattering in the S-wave state 

Xm /o^~^(0) = hm ^ 4-%Q) = ^ lim 1(1- r^^'^iQ) cos26l%Q)). (1.6) 

The r.h.s. of ()1.6p can be transcribed into the form 

Hence, according to the DGBT formula the energy level displacement of the ground state 
of kaonic hydrogen is defined by 



= -2aV^e/o'^"^(0) = -2«V«^^ 

ill 



T-i ,1 3 2 '7- i:K^vtn\ o 3 2 '^^0 ^ iQ) 



dQ 

The recent preliminary experimental data on the energy level displacement of the ground 
state of kaonic hydrogen obtained by the DEAR Collaboration ^14j read 



pexp 

- e'f + i = (-183 ±62) +i (106 ± 69) eV. (1.9) 

In this paper we give (i) a model-independent, quantum field theoretic and relativistic 
covariant derivation of the energy level displacement of the ground state of kaonic hy- 
drogen and (ii) a theoretical modeling of the amplitude of K~p scattering in the S-wave 
state ^{Q) near threshold of the K~p pair Q ~ 0, fitting well experimental data ()1.9j) 
by the DEAR Collaboration [Hj. 

The paper is organized as follows. In Section 2 we write down the wave function of 
the ground state of kaonic hydrogen within the quantum field theoretic and relativistic 
covariant approach developed in [7| |H] (see also ^). In Section 3 we derive the energy 
level displacement of the ground state of kaonic hydrogen in a model-independent way. 
In Section 4 we describe the amplitude of K~p scattering near threshold by the con- 
tributions of the resonances A(1405), A(1800) and S(1750). The obtained amplitude of 
K~p scattering we use for the calculation of the energy level displacement of the ground 
state of kaonic hydrogen. In Section 5 we calculate the contribution of the elastic back- 
ground to the amplitude of low-energy K~p scattering. We show that the theoretical 
results fit well preliminary experimental data by the DEAR Collaboration In Sec- 
tion 6 we calculate the partial widths of the radiative decay channels of kaonic hydrogen 
Akp — >■ a" + 7 and Axp — >■ S° + 7 First, we develop technique and methodics, based 
on the soft-pion(kaon) technique, for the calculation of the partial width of the decay 
Aj^p — > + 7 of pionic hydrogen in the ground state. We calculate the Panofsky ratio, 
l/P = V{A^p n + 7)/r((y4^p ^ n + 7r°) = 0.681 ±0.048, in agreement with the experi- 
mental value l/P = 0.647±0.004 [16^. The application of this technique to the calculation 
of the partial widths of the decays Akp ^ A'' + 7 and Akp — > S° -|- 7 shows that the 
contribution of these decay channels to the width of the energy level of the ground state 
of kaonic hydrogen is less than 1%. In the Conclusion we discuss the obtained results. We 
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show that our approach to the description of low-energy K~p scattering is consistent with 
the experimental data by the DEAR Collaboration In the Appendix we calculate the 
elastic background of S-wave elastic K~p scattering near threshold within the Effective 
quark model with chiral U{3) x U{3) symmetry [T7j |19j. 



2 Ground state wave function of kaonic hydrogen 

The wave function of kaonic hydrogen in the ground state we define as [3 El 1201 1^ 



2EK-ikK-)\/2Ep{kp 



2E^j'\kK-+kp)^UkK-)\K-{kK-)p{kp,ap)), [2.1] 



where Ef\P) = \l M^^"^'^ +P^andP are total energy and momentum of kaonic hydro- 

(Is) 

gen, M)^ = mp + rripc- + Eis and Eis = —8613 eV are mass and binding energy of kaonic 

hydrogen in the ground bound state, cTp is a polarization of the proton. Then, 

is the wave function of the ground state in the momentum representation normalized by 

\^Uk)\' = l. (2.2) 



(27r)3 

The wave function \K'{kK-)p{kp,ap)) we define as [3012011211 

\K~ {kK-)p{kp, ap)) = c^j^^{kK-)al{kp,ap)\0), (2.3) 

where c^j^_{kx-) and aj^(A;p,(jp) are operators of creation of the K~ meson with momen- 
tum kx" and the proton with momentum kp and polarization ap = ±1/2. They satisfy 
standard relativistic covariant commutation and anti-commutation relations [3 1201 ■ The 
wave function ()2.1|1 is normalized by 

{A%\P>'p)\A%\P,ap)) = {2^f2Ef\p)5^'\P'-P)5^,^^j ^,\^Uk? = 

= i2n)'2E^^'\p)6^'\P'-P)5^,.^. (2.4) 

This is a relativistic covariant normalization of the wave function. 

The wave function ()2.1|) we will apply to the calculation of the energy level displace- 
ment of the ground state of kaonic hydrogen within a quantum field theoretic and rela- 
tivistic covariant approach. 



3 Energy level displacement of the ground state 



According to [3 El 1201, energy level displacement of the ground state of kaonic hydro- 
gen is defined by 



(Is), 



lim 

T,V^oo 



2E^P{P)VT 



P=0 



(3.1) 



where TV is a 4-dimensional volume defined by {2n)^6^^\0) = TV ^U] and T is the 
T-matrix obeying the unitary condition [201 1^ 

T-T"^ = iT^T. (3.2) 

Using the wave function 1)2.11) we reduce the r.h.s. of 1)3.11) to the form 



Tis 1 f d^k f d^q / mx-mp I mK-frip 



2 4mK-mp J (27r)3 J {2rt)^ \J EK~ik)Ep{k) \ EK^{q)Ep{q) 

x$L(fc) hm (^-(^^M-fe:^p)|T|i^-(gX-g>,))^^^(-,^^ (33^ 

where the matrix element of the T-matrix defines the amphtude of K'p scattering^ 
j.^ {K-ik)p{-k,ap)\T\K-{q)pi-q,ap)) _ 

T, ™oo VT 

= M{K-{q)p{-q,ap) K-{k)p{-k,ap)). (3.4) 

Thus, the energy level displacement of the ground state of kaonic hydrogen is defined by 
the amplitude of K~p scattering [7| |H1 



Tis 1 f d^k f d^q / mK-rrip I rriK-fn 



2 4mK~mp J (27r)3 J {2it)^ \J EK-{k)Ep{k) \ EK-{q)Ep{q) 

X ^l{k) M{K-{q)p{-q,ap) ^ K-{k)p{-k,ap))^Uq). (3-5) 

Due to the wave functions $|^(A;) and $is(g) the main contributions to the integrals 
over k and q come from the regions of 3-momenta k ~ l/a^ and q ~ l/as, where 
l/as = 2.361 MeV. Since typical momenta in the integrand are much less than the masses 
of coupled particles, rriK- ^ l/ctB and nip ^ l/a^, the amplitude of K'p scattering can 
be defined for low-energy momenta only^. 

Following [71 |H] the amplitude of low-energy K^p scattering we define as 

M{K-{q)p{-q,ap) ^ K~ {k)p{-k, ap)) = 8n {tuk^ + rup) f^'''{^), (3.6) 

where the amplitude ^{y/kq) is determined by 



/o^"^(v^) = ^ (r/o^--(v^)e2<"'(v^) - l). (3.7) 



^In Chiral Perturbation Theory (ChPT) [22123 the T-matrix can be expressed in terms of an effective 
Lagrangian Ccsix) (see also [7||H|). If all loop-contributions are taken into account and renormalization 
is carried out the effective Lagrangian Ccsix) can be used only in the tree-approximation |24j (see also 

mm 

^It is obvious that due to the formula (|3.5|) a knowledge of the amplitude of K p scattering for all 
relative momenta from zero to infinity should give a possibility to calculate the energy level displacement 
of the ground state of kaonic hydrogen without any low-energy approximation. 
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The shift and width of the energy level of the ground state of kaonic hydrogen are equal 
to 



27r /■/■ d^k 



12 J J (27r)3 (27r)3 W V EK-iq)E,iq) 



-MAk)^is{q) 



kq) 



sin 25^"^ ( 



kq) 



2n f f d?k S'q 



/i J J (27r)3 (27r)3 ]J EK~{k)Ep{k) V EK-{q)EM) 
1 



^l{k)^is{q) 



X 



.1 



K-pf 



Htq 

1 /■ /■ d^k d^q 



kq) cos 25, 



K-p, 

y 



kq)) 



2f, J J (27r)3 (27r)3 \/ EK-{k)Ep{k) V EK-{q)Ep{q) 
X ^/kqa^ ^i^/kq) 



^lik)^u{q) 



(3.8) 



The formula ()3.8p reduces to the the DGBT formula defining the amplitude of K~p 
scattering atA; = g = 0[71IH]. We would like to emphasize that the main contributions 
to the momentum integrals in ()3.8p comes from the region fc~g~l/aB = 2.361 MeV 
but not from k = q = 0. Hence, the calculation of the amplitude of K~p scattering at 
k = q = is not an explicit result but an approximation, which is well-defined only if the 
amplitude of K~p scattering is a smooth function near threshold^. 

Assuming that near threshold the amplitude of low-energy K~p scattering is a smooth 
function of relative momentum Q of the K~p pair and keeping only the leading terms in 
momentum expansion at Q = 0, we arrive at the energy level displacement of the ground 
state of kaonic hydrogen 



-eu + i 



2n 



K-p ■ 1 dVo ^(Q) 



— I 



dQ 



d^k 



nix -'Trip 



{27r)' y EK-ik)Epik: 



.(3.9) 



This is the quantum field theoretic, relativistic covariant and model-independent gener- 
alization of the DGBT formula (112) [HIH]. 

The amplitude of low-energy K^p scattering we represent in the form 



2iQ 
1 

2iQ 



(Q) 



\Q) 



(3.10) 



■^Practically, the corrections to the energy level displacement, coming from a momentum expansion of 
the amplitude of K^p scattering, are of order of powers of a. This means that the term of order 0{Q) 
gives a correction of order of 0{a), multiplied by the derivative of the amplitude of K~p scattering with 
respect to the relative momentum Q, calculated at Q = 0. The convergence of this expansion is fully 
defined by the derivatives of the amplitude of K^p scattering. Such corrections, caused by Coulombic 
photons, should be taken into account on the same footing as the corrections caused by QCD isospin- 
breaking and electromagnetic interactions |2SIES| (see also |27|\ 
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where Sq ^{Q)b is the phase shift of an elastic background of low-energy K~p scattering 
and Jq ^{Q)r is the contribution of resonances. 

We assume that ^{Q)r is defined by the contributions of the A(1405) resonance, 
an S'[/(3)flavour singlet i28j, and the A(1800) and S(1750) resonances, components of the 
5f/(3)flavour octet ^ ^ For simplicity we denote A(1405) as A? and A(1800) and S(1750) 
as A° and S° ^. 



4 Amplitude of low— energy K p scattering. Reso- 



nances 

Treating the resonances A(1405), A(1800) and S(1750) as elementary fields^ we can write 
down phenomenological interactions 

U,Bp{x) = (?iA?(x) tr{S(x)P(x)} + h.c. = g^A^{x) BI{x)P^{x) + h.c, 

Cb,bp{x) = -^(72tr{{52,i?}P} + -^/2tr{[52,i?]P} + h.c. = 

= ^{g, + h) miBlP^ + 71 - (B^tBlP: + h.c., (4.1) 



where (?!, g2 and /2 are phenomenological coupling constants, A5(x), (i?2)a(3^)) -Sa(^) 
and P^{x) {a{b) = 1, 2, . . . , 8) are interpolating fields of the A(1405)-resonance, the octet 
of baryon resonances A(1800) and S(1750), the octet of light baryons and the octet of 
pseudoscalar mesons, respectively: 



pa 



( A| 

^2 
V2 

V 

V2 76 



v 



TT T] 

V2 76 

-K- 



A| 

72 76 

S+ 

A^ 

72 76 



— ^ + 



IT 



+ 



TT T] 

72 76 



""2 



■^0 
"2 

-Aao 



76 V 
p 



n 

J 



(4.2) 



^Recall, that the resonances A(1405) and A(1800) have the status whereas the I](1750) resonance 

has a status * * * [281 1^ . 

^We keep only the neutral component of the £(1750) resonance. 

^This agrees, for instance, with the approach developed within ChPT in [5n|. 
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For simplicity we identify the component r]{x) of the pseudoscalar octet with the observed 
pseudoscalar meson //(SSO) (TUj. 

Keeping only terms relevant to low-energy K~p scattering we reduce the effective 
Lagrangians ()4.1|1 to the form 

'^AOBpix) = 9i A?(a;)(S(a;) ■ 7r(x) - p{x)K~{x) + n{x)K^{x) + ^ A^{x)r]{x)) + h.c. 
Cj,OBp{x) = -^A°(x)(S(x)-7f(x)-A°(x)77(x)) 

+ ^i±|/k AO(x) {p{x)K-{x) - n{x)K\x)) + h.c, 
2v 3 

^EOsp(x) = /2S0(x)(S-(a;)7r+(x)-S+(x)7r-(x)) 
+ ^S°(x)(AO(x)vr°(x) + S°(x)77(x)) 

+ ^^^^^t.l{x){-p{x)K-{x)-n{x)K^{x))+\i.c.. (4.3) 

According to ()3.10|) at threshold (5 = the amplitude ^(0) of K'^p scattering we 
define as 

/o''"'(0) = Ar^ + /o^"^(0)«, (4.4) 

where ^ is a real parameter'', describing a smooth elastic background 5q ^{Q)b = 
'^Q, and ^(0)k is the contribution of the resonances, which we determine as 



/(f '"(0)p = I {if "'{0)1=0 + fo^mi=i) , (4.5) 

where the amplitudes ^(0)/=o and /jf ^(0)7-=! of low-energy K~p scattering with 
isospin / = and isospin 1=1 are saturated by the A(1405), A(1800) and S(1750) 
resonances, respectively. The amplitude ^(0)_r contains real and imaginary parts 
TZe Iq '{0)r and Xm ^(0)_r, which define elastic and inelastic channels. 

4.1 Imaginary part of ^(0)i? 

The imaginary part Xm ^(0)/? of the amplitude '{0)fi is determined by inelastic 
channels. Near threshold low-energy K~p interaction contains four inelastic channels 
defined by strong low-energy interactions: (i) K~p S"??"^, (ii) K~p S"'"7r~, (iii) 
K~p TPtt^ and (iv) K~p — >■ A^vr^. The amplitudes of these channels we define as jSU] 

^ 1 ^1(1 + 3^2) 
TUp 6 m^o — niK- — Tap 



f{K-p 



TT 



Ati rriK- Y nip 
1 gla2{l-a2) 



9i_ 

niAO - niK' 



2 m 



^2 



nrix- — nrip. 



''We calculate the parameter ^ in Section 5. 
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1 /i 



9l 



f{K-p 



Att rriK- Y rrip 
^ 1 fif| a2 (1 - 0^2) 
2 rrij^o — rriK- — iTip 
1 /i 



m^o — mi^- — rrij 



^ 1 ^1(1 + 3^2) 



47r rriK- 
1 



m„ 



^ 

m^o — m^- — mj 

1 1 



92 (1 - Q2) 



, 1 ^2Ml + 3«2) 

6 my\^o — rriK- — mp 



4n rriK- \j rnp . 2 ^/s m^o — tuk- — rnp. 



(4.6) 



where 02 = /2/5'2- 

In order to check a consistency of our approach we suggest to use experimental data on 
the cross sections for the inelastic reactions K~p — > S~7r^, K~p — S"'"7r~, K~p E'^tt^ 
and K~p A°7r° taken at threshold of the K~p pair |3H, E2] 

7 = "i!;?^^/:! = 2.360 ±0.040. 

a{K p — > L+TT ) 



-Rr — 



a{K p ^ H 7r+) + p 



a{K~p E~7r+) + a(K~p S+tt' 
0.664 ±0.011, 



TT 



a{K-p SOttO) + ^ A^ 



0.189 ±0.015. 



(4.7) 



These data should place constraints on the input parameters of any approach |3S1- In 
terms of the amplitudes of inelastic reactions under consideration they read 
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Rr 



Rn 



\fiK-p^j:-n+)\'kj:-^+ 
|/(ir-p^S+7r-)|2A;s+.-' 

{\f{K~p ^ S-7r+)|2A;s-.+ ± IfiR-p ^ ^+7i-)\^k^+^- 
(\f{K-p ^ S-7r+)|2A;s-.+ ± \f{K-p S+7r-)|2A;s+.- 

\f{K-p ^ SV)pW ± |/(ir-p ^ AV)pw)"\ 

|/(ir-p^AV)pW 

|/(ir-p ^ S07rO)|2A;so.o ± |/(ir-p ^ A07rO)|2A;Ao^o ' 



(4.8) 



where kAB with A = S^, A° and 5 = vr''', 7r° is a relative momentum of the AB pair, 
calculated at threshold 



kAB{s) = a/(s - {niA + mBY){s - {rriA - niBY). 
l\J s 



(4.9) 



At threshold s = {rriK- + tripY and kAB^ij^K- ± f^pY) = ^ab- 

Expressing the amplitudes of inelastic channels with neutral particles in the final states 
in terms of the amplitudes of the reactions with charged particles in the final state we get 



f{K-p ^ 



f{K-p^E-n+) + 



02 2V3 Ly "^E- V 

(4.10) 

Combining the relations ()4.10|) and ()4.8p we express the amphtudes of inelastic channels 
K~p —>■ S+TT", K~p —>■ S^vr*^ and K~p — > A°7r° in terms of the amplitude of the reaction 
K~p — > S^7r+. This gives 

f{K'p S°7r°) = f{K~p S^TT 
/(ir-j9^AV) = f{K-p-^T.-Ti 



1 A;, 
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1 / A / 1 ms- fcs- 



2 V "^s 

The parameter a2 is defined by 



x^Ar^(i + Wr^?^)- (4-11) 



1 



Rn 




1 — Rn 




1 ms- 




7 "^s+ 




/ 1 m^- 




7 




/ 1 m^- 
7 ms+ 





1 + 



In our approach the parameter Rc turns out to be dependent and reads 

Rc = , — • (4.13) 



Using the experimental values of 7, i?„ and masses of baryons and mesons pi]1 we get 



= 0.626 ±0.007, 
^2 = -0.314 ±0.026, (4.14) 

where uncertainties are caused by the experimental errors of the parameters 7 and Rn- 
Comparing the theoretical prediction Rc = 0.626 ± 0.007 with the experimental value 

Rc = 0.664 ± 0.011 in ()4.7j) we can argue that our approach to the description of K~p 

scattering near threshold is consistent with experimental data on the cross sections for 

the inelastic reactions within an accuracy better than 6%. 

Hence, using the relations 7 and Rc for the cross sections for the inelastic reactions 

we can write down 

a{K-p all) = J2 (^{K^P ^ ^) = + ~) ^ ^-71+), (4.15) 

^ iXc V 7/ 
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where X = E-7r+, S+vr-, SOvr" and A^n^. 

Due to the optical theorem the relation ()4.15|) determines the imaginary part of the 
amplitude ^(0)_r. It reads 

lmfr''{0)n = i- (l + i) \f{K-p ^ S-7r+)pA:2-.+ . (4.16) 

Since in our approach Xm Jq ^{0) = Xm ^(0)/?, the relation ()4.16|) allows to determine 
the total width of kaonic hydrogen Fi^ in terms of the partial width of the decay A^p 
E- + 7r+ [Sni 

842.248 Xm/o^'^(0) = 
S-7r+)pA;s-.+ eV. (4.17) 

For the calculation of the numerical value of f{K''p —>■ E^7r+) we have to determine the 
coupling constant gi and g2- They can be obtained fitting the total experimental widths 
of the resonances A(1405), A(1800) and S(1750) |10j. We would like to notice that within 
an accuracy better than 6% we can set 0^2 = —1/3 and neglect the contribution of the 
A(1800) resonance. Therefore, the constant g2 we define from the experimental data on 
the S(1750) resonance only. 

We would like to emphasize that the experimental data on the masses and total widths 
of the A(1405) and S(1750) resonances are rather ambiguous. Below we use only recom- 
mended values for the masses and total widths of these resonances jTO] . 



r. ^ -(i + -)f(a,,-.s-.- 

= 842.248-1(1 + -) |/(ir-p 



4.1.1 The A(1405) resonance 

The recommended values for the mass and total width of the A (1405) resonance are equal 
to = 1406 MeV and F^o = 50 MeV |2H1 El- 

The total width of the A(1405)-resonance is defined by the decays A(1405) ^ S + tt 
[lOj . Due to the effective Lagrangian ()4.3p the total width of the A(1405) resonance F^o 
reads 



A? 



^s+TT- + 7; 9 



87r m\o " Svr m\o 

^2 ^2 



gl (mAO+mso)--m;o 

+ ^ 2 ^so^"- (^-IS) 

87r m. 



Setting F^o = 50 MeV and using the experimental values for the masses of the S hyperon 
and 71 meson [10], we obtain the value of the couphng constant gi. gi = 0.907. 



4.1.2 The S(1750) resonance 

The recommended values for the mass and total width of the S(1750) resonance are equal 
to mso = 1750 MeV and F^o = 90 MeV [211 ESI- From the Lagrangian (jOJ we define the 
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total width of the S(1750) resonance 



7271 



m 



yO 
^2 



+ — ^ r^AO-KO + —. K Kto 



247r 



247T 



4° 



+ 



92 ("^so + - 



IStt 



m: 



+ 



92 ("^so + mn)"^ - m\o 



^2 



ISvr 



m 



(4.19) 



yO 
^2 



where we have used 02 = —1/3. Setting F^^o = 90 MeV and using experimental values for 
the masses of baryons and mesons we get 92 = 1.123. 

4.1.3 Numerical values of f{K^p — > S 7r+) and imaginary part of ^(0)/? 

Setting a2 = —1/3 in ()4.6|1 and using the coupling constant 91 = 0.907 and 92 = 1.123, 
calculated above, we obtain the numerical value of the amplitude f{K~p —>■ S"??"*") 



f{K-p 



TT 



An rriK- 



my- 



rrir. 



91 



+ 



9l 



rrij^o — nix- — nip 9 m^o — mj^- — rn^ 



= (0.379 ± 0.023) fm (4.20) 
Due to the relation (|4.16p this gives the imaginary part of the amplitude ^{0)r 

Im /o^"^(0)/j = (0.269 ± 0.032) fm. (4.21) 



According to this value and the relation Im ^(0) = Xm ^{^)r the total width F 
of kaonic hydrogen in the ground state should be equal to 

F*^ = 842.248 Jm /o^"^(0) = (227 ± 27) eV. 



Is 



(4.22) 



This agrees well with recent experimental data by the DEAR Collaboration F'jg^ = (213 ± 
138) eV 141. 



4.2 Real part of /(f "^(0)i? 

A knowledge of the numerical values of the coupling constants 91, 92 and 02 allows to 
calculate the real part of the amplitude ^(0)_r. In our approach it reads 



7^e/o^"^(0)« 



^(7^e^^~^(0)r + 7^e/o^-^(0)r 



9l 



QTi mx- L'^A" ~ ^K- 

(-0.154 ±0.009) fm, 



4 

+ :t 



9l 



rrir, 



9 myo - mx- 



rrir. 



(4.23) 



where we have set 02 = —1/3. 

Now we proceed to the analysis of the contribution of a smooth elastic background of 
low-energy elastic K~p scattering. 
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5 Amplitude of low— energy K p scattering. Elastic 
background 

At the hadronic level a smooth elastic background ^ we define as 

A^-p=Ar'+Ar'+Ar', (5.1) 

where "p, and A^~p are the contributions of the s, t and u channels of low-energy 

elastic K~p scattering, respectively. 

For the calculation of the r.h.s. of ()5.1|) we assume the following contributions 

— ^CA + ^KK ' y"^"^) 

where (i) A^pJ' is defined by the current algebra [Sni^lSH], accounting for all low-energy 
interactions which can be described by Effective Chiral Lagrangians 1221 • ■'■^ general 
form this contribution has been calculated in j27| EHI; (h) -^^k contribution of 

the four-quark intermediate states qqqq (or KK molecule) such as the scalar mesons 
ao(980), /o(980) and so on |inj-|ll] (see also going beyond the scope of Effective 
Chiral Lagrangians. As has been recently found by the KLOE Collaboration (DAPHNE), 
measuring the radiative decays of the vector 0(lO2O)-meson, 0(1020) ao(980)7 and 
0(1020) — ^ /o(980), that the quark structure of the scalar mesons ao(980) and /o(980) 
differs substantially from qq 

5.1 Calculation of A^pf 

The current algebra contribution to the parameter A^ ^ we denote as 

A^c? = \K + AII (5.3) 

where A^ and A\ describe the contribution of K~p scattering in the states with isospin 
7 = and 1 = 1. Using the results obtained in |SZl EHj we get 

.0 _ 

° " 87rF|' 

where Fk = 112.996 MeV is the PCAC constant of the meson This gives 

A^:^ = ^^ = 0.398 fm. (5.5) 
47r Fl ^ ^ 

The value is caused by the contributions of the s, t and u channels of low-energy 
elastic K^p scattering, which can be described by Effective Chiral Lagrangians [SH!- The 
result ()5.5|) is obtained at leading order in Chiral perturbation theory [221 121] (see also 
[TTj). According to Chiral perturbation theory [221 12S] the accuracy of the value, given 
by ()5.5p . is of order of O^mj^./lGn'^F]^) = 0(12%). This coincides with an accuracy of 
the current algebra approach 
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5.2 Calculation of four— quark contribution A 



K-p 
KK 



Four-quark states (or KK molecule) such as the scalar mesons ao(980) and /o(980) can 
give a contribution only to the t-channel of low-energy elastic K~p scattering defined by 
the reaction K~ + K^ — > p + p. Since the four-quark states ao(980) and /o(980) cannot 
be described by Effective Chiral Lagrangians |39j, the contribution of these states do not 
enter to A^pJ' . 

According to Jaffe [lOj, the scalar mesons ao(980) and /o(980) belong to an SU (3)flavour 
nonet and the scalar meson /o(980) decouples from the vrvr state. Following Jaffe [HI] , 
the >S'?7(3)flavour invariant interaction of the nonet of four-quark scalar mesons with two 
nonents of pseudoscalar light mesons, having a qq quark structure, can be written as 



Cspp{x) = V2goti{PPM} = V2goPlP^MI. 



(5.6) 



where P and M are nonets of pseudoscalar light qq mesons and scalar qqqq mesons, 
respectively. 



V2 V2 



TX 



K- 



\ 



TT 



7i 2 



-^ + ^ K' 



ai e 



K 



\ 



— K 



V2 2 

2 / 



(5.7) 



where rjo and rjs are pseudoscalar states with quark structure rjo 



{uu + dd) I \/2 and 

T]s = ss j|4Qj. Then, = , a^, a^) = {ssud, ss{uu — dd) / \/2, duss) is the isotriplet 
of ao(980) mesons, k = (/t+,fi;°) = {usdd,dsuu) and R = (k°, — k~) = {sduu, —sudd) 
are doublets of strange scalar four-quark states, /o = ss{uu — dd)/^/2 is the /o(980) 
meson and e is the isoscalar scalar £(700) meson with e = uddu quark structure and mass 
rrie = 700 MeV !1D|. The nonet M is constructed in such a way that the /o(980) meson 
decouples from the vrvr states, whereas the £:(700) meson couples to the nn states but 
decouples from the KK states. This implies that the ^(700) meson does not contribute 
to the amplitude of K~p scattering. 

The interactions of the scalar mesons ao(980) and /o(980) with the ii'~-meson can be 
written as 



Cskk{x) = go l-alix) + fo{x)] K+{x)K-{x), (5.8) 

where ao(a;), fo{x) and K^{x) are interpolating fields of the aQ(980), /o(980) and K^ 
mesons. 

For a numerical calculation we use the value go = gagK+K- = dfoK+K- = 2.746 GeV, 
obtained within the KK molecule model of the scalar mesons ao(980) and /o(980) ^H] 
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(see also jH] and |121)- In this model the scalar mesons ao(980) and /o(980) couple only 
to the KK states^ and decouple from the tttt states. 

The interaction of the nonet of four-quark scalar mesons M with octets of light baryons 
we define as 



CsBBix) = V2gDti{{B,B}M} + V2gFti{[B,B]M} = 

= V2{gn + 9F)BiBlM^, + V2{go - gF)B',B^tM^, 



(5.9) 



where B and B are octets of light baryons (see ()4.2|1 ^ 



Bt 



V 



p 



n 



■^0 



Vq J 



(5.10) 



and go and gp are the coupling constants of the symmetric and antisymmetric SBB 
interactions pOj . 

The effective Lagrangian of the SNN interaction reads 

^sbb{x) = {go + Qf) [^p{x)n{x)a^{x) + \/2n{x)p{x) 

+ {p{x)p{x) — n(x)n{x))aQ{x) — (1 — 2as) {p{x)p{x) + n(x)n{x)) fo{x) 

— V2as {p{x)p{x) + n{x)n{x))e{x)] + . . . , (5-11) 

where e{x), p{x) and n{x) are the interpolating fields of the 5(700) meson, the proton and 
the neutron. The parameter as is given by 0:5 = gp/idD + Qf) 

In order to suppress the contribution of the four-quark state e(700) to the S-wave 
scattering lengths of vrA^ scattering we have to set = or gp = 0. As a result the 
four-quark state e(700) decouples from nucleons. This gives 



J^sbb{x) = go [V2p{x)n{x)aQ{x) + V2n{x)p{x)aQ [x) 

+ {p{x)p{x) — n{x)n{x))aQ{x) — {p{x)p{x) + n{x)n{x)) fo{x)] + 



(5.12) 



At threshold of the reaction K + p ^ K + p the contribution of the four-quark states 
ao(980) and /o(980) we define as 



A 



K-p 
KK 



M{K-p K~p) 



0.0+ h 



9d 9o 



2tc ml^ rriK- 



(5.13) 



where we have set = rrifg = 980 MeV [TUj . 



The coupling constant go not known j3T]. For a further calculation of A^^J' we can 



set 



9d 



g-irNN 
9A 



(5.14) 



®The scalar mesons ao(980) couples also to the Tryy states, where 77 is the well-known 77(550) pseu- 
doscalar meson [TU]. 
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Fig. 1 

Figure 1: The quark diagram describing a smooth elastic background of low-energy elastic 
K~p scattering in the Effective quark model with chiral U{?>) x U{2>) symmetry. 



where q-^nn = 13.21 |52l and gA = 1.267 are the vrA^A^ coupling constant and the renor- 
malization constant of the axial-vector coupling due to strong interactions, and ^ is a 
parameter, which we estimate below. 

Using ()5.14|) the contribution of the ao(980) and /o(980) scalar mesons can be written 

as 

Af/ = ^(^'^ ^ ^'^^7+^" = - ^ ^ ^ = -0.614efm. (5.15) 

8Tc{mK- +mp) 27r qa rriK- 

The parameter ^ is equal to 

= 0.398 - 0.614 i fm. (5.16) 

In order estimate the value of the parameter ^ we suggest to calculate the parameter A^ ^ 
within the Effective quark model with chiral f/(3) x t/(3) symmetry |17j-|19j. 

5.3 ^ in effective quark model with chiral ?7(3) x ?7(3) sym- 

metry 

Following the principle of the quark-hadron duality [Slj we assume that the contribution 
of the smooth elastic background of low-energy elastic K~p scattering can be fully fitted 
by the lowest quark box-diagram depicted in Fig.l, calculated with the Effective quark 
model with chiral t/(3) x t/(3) symmetry |17j-|19j. 

Using the reduction technique ^| the amplitude of elastic low-energy K~p scattering 
we define as 

(27r)^z 5^^) {q' + p' -q-p) M{K-p R-p) = 

Urn I d\,d^X2d^x^d^x, e'q'-Xi + ip'-X2-ip-Xs-tq-x, 

X (□i+m^-)(D4 + m^-) u{p',a'){ij,d!^-mp]{0\T{K-{xMx2)p{x3)K+{xi))\0) 
^ {-^li^d^ -mp)u{p,a), (5.17) 
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where p{x) and u{p, a) are the interpolating field operator and the Dirac bispinor of the 
proton, and K^{x) are the interpolating fields of the f^^-mesons. 

In order to describe the r.h.s. of Eq. ()5.17|) at the quark level we follow [T7j and use 
the equations of motion 

{ilud2 -mp)p{xi) = ^r/p(x2), 

9b _ 



pixs){-i-ff,d^ -TJip) = -j=rip{x3), (5.18) 

where rjp{x2) and ffp^x^) are the three-quark current densities [TJj 

%{X2) = -e'^''[u^iix2)Yujix2)]-ff,-f^dkix2), 

f]p{xs) = +e'^^di{x3)Y7^[u,{x^h^ul{xs)] (5.19) 

where i,j and k are colour indices and ip'^lx) = ip{x)'^C and C = —C"^ = — = —C~^ 
is the charge conjugate matrix, T denotes transposition, and Qb is the phenomenological 
coupling constant of the low-lying baryon octet Bs{x) coupled to the three-quark current 
densities [TTj 

cS;{x) = ^Bsix)vs{x)+h.c. (5.20) 

The coupling constant is equal to qb = 1-34 x 10~^MeV~^ [T7] . 

For the interpolating field operators of the i^^-mesons we use the following equations 
of motion ^7] 

(□i +m^-)fC"(xi) = ^u{xi)i-f^s{xi), 

(□4 + m^-)i^+(x4) = ^s(x4)27'm(s4), (5.21) 

v2 

where Qk = + ^s) / ^/^Fk, m = 330 MeV and = 465 MeV are the masses of the 
constituent u, d and s quarks, respectively [T7l[Tn] (see also |ES1)- 
The amplitude of low-energy elastic K~p scattering is defined by 

M{K-p ^ K-p) = -i-^glgl j d^X^d^X2d^Xs q' ' + ip' ■ X2 - ip ■ x^ 

X m(p', a' )(0|T(M(xi)«7's(xi)r/p(x2)r/p(x3)s(0)^7^M(0))|0) u{p, a). (5.22) 

where the external momenta q', p', q and p should be kept on mass shell q'"^ = q^ = Tn\. 
and p'"^ = p^ = nip. 

In the Appendix we have carried out the calculation of the amplitude ()5.22|) at thresh- 
old. The parameter ^ is equal to (see (A. 9)) 

A^~' = ^^^'^ ^ ^"^^ = -0.328 ± 0.033 fm. (5.23) 

This allows to estimate the value of the parameter ^ ()5.14|) . Equating ()5.16|) to ()5.23p we 
get C = 1.2 ±0.1. 
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5.4 S— wave scattering length Gq ^ and shift e^^ 

Using the value of the parameter ^\ describing the contribution of the smooth elastic 
background of low-energy elastic K~p scattering, we obtain the S-wave scattering length 

K-p 

% 

a^~P = (-0.328 ± 0.033) + (-0.154 ± 0.009) = (-0.482 ± 0.034) fm. (5.24) 

This results in the shift of the energy level of the ground state of kaonic hydrogen 

ef, = - 421.124 aQ~^ = 203 ± 15 eV. (5.25) 

The theoretical value fits well the preliminary experimental data e^^^ = (183 ± 62) eV by 
the DEAR Collaboration [Hj. 



6 Electromagnetic decay channels 



It is well-known [oo] that in the case of the energy level displacement of the ground 
state of pionic hydrogen the electromagnetic channel A,rp ^72 + 7 defines 64% of the 
experimental value of the width Fi^ = (0.868 ± 0.056) eV. The width of the energy level 
of the ground state of pionic hydrogen can be written as 

= y^(ar-«fn^i.(0)P(l + ^), (6.1) 

where /i = m.,^-mp/{mT^- + mp) = 121.497 MeV is the reduced mass of the 7T~p system for 
mTT- = 139.570 MeV and nip = 938.272 MeV, p* is the relative momentum equal to 



nip + m^- 
P = 7; 



nin + m^o 
nip + m^r- 



m„ — ni^o 



nip + m^- 



28.040 MeV, (6.2) 



^is (0) = 1/ V Tra^ is the wave function of the ground state of pionic hydrogen at the origin, 

1/2 3 /2 

and and Oq are the S-wave scattering lengths of vrA^ scattering with isospin 1 = 1/2 
and / = 3/2. The experimental values aj'^ = 0.1788 ± 0.0043 and Oq^^ = -0.0927 ± 
0.0085 m;i, obtained by the PSI Collaboration |53j, give aj^-al^^ = 0.2715±0.0095 m;i. 
Then, P is the Panofsky ratio defined by jTHI 

= 0.647 ±0.004, (6.3) 



1_ _ T{A^p n-f) 
P ~ V{A^p ^ mx^) 



where we have adduced the experimental value of 1/P obtained in [T6] . 

In the case of kaonic hydrogen there are two electromagnetic decay channels Axp — > 
A° + 7 and Axp S° + 7, which are related to the reactions K~ + p — >■ A° + 7 and 
K~ + p — >■ E° + 7. Therefore, the total width of the energy level of the ground state of 
kaonic hydrogen can be written as jT3] 

Tu = —ImfK-piO) 1^1.(0)1^(1 + X), (6.4) 
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where X, the inverse Panofsky ratio for kaonic hydrogen, is defined by 

Below we give a theoretical analysis and numerical estimate of the value of X. 

First, we consider the decay of pionic hydrogen A-j^p — > n + 7, then we extend the 
developed technique and methodics to the decays of kaonic hydrogen A^p — > A° + 7 and 
Akp ^ + 7. 

6.1 Radiative decay of pionic hydrogen 

The amplitude of the decay A-^p — > + 7 we define as |H1 EHl HH] 

M{A^p^n^) = .[^ ! ^ "^^r'^^ ^^k ) Min- (k )p{-k ) ^ n^), (6.6) 



2/i7 {2Tif \^ E^-{k)Ep{k\ 



where = mT,-mp/ {171^,- + rup) = 121.497 MeV is the reduced mass of the n p system 
and $is(fc ) is the wave function of the ground state of pionic hydrogen in the momentum 
representation. 

The amplitude M{TT~{k )p{—k ) — > wj) of the reaction tt^ + p n + 7 is determined 

by 



M(7r-(fcM-fc)-^n7) = v^e(n(-g,a)|j;^-(0)|7r-(A:)p(-A:,ap))e^(g,A), (6.7) 
where J°^™(0) is the electromagnetic hadronic current 



^"'(0) = JU^) + ^ J'M (6.8) 

Here, J^(0) is the third component of the isotopic vector and J^(0), the isospin singlet, 
is the eighth component of the 5'f/( 3) flavour octet; e^(g. A) is the polarization vector of the 
emitted photon. 

Using the reduction technique |^ for the 7r~-meson we reduce the matrix element of 
the electromagnetic hadronic current (j6.6j) to the form 

{ni-q,a)\j;'^m7r-ik)p{-lap)) = lim z / d^x e " ^ (□. + m^_) 

X (n(-g,a)|T(J^^-(0)7r-t(x))b(-fc,a,)), (6.9) 

where kj,- = {\Jk'^ + m'^_ ,k). According to the PCAC hypothesis jlHl EH] the interpo- 
lating fields of the vr mesons are related to the divergences of the axial-vector currents. 
For the 7r~-meson field we get 

^-\x) = ^^j^4;^\x), (6.10) 

where = 92.419 MeV is the PCAC constant and J^'^'^ix) = J|^(x) - iJ|^(x) is the 
hadronic axial-vector current 
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In the soft-pion limit ^511121 the r.h.s. of (j6.9|) can be rewritten as' 
{n{-q,a)\r'^mn-{k)pi-k,a,)) = 



% 



Integrating by parts we arrive at the expression 

(n(-g,a)|J^^-(0)|7r-(^M-fc,a,)) 



d'x{n{-q,a)\T{r'^{Q)d''Jl-'\x))W,a,)). (6.11) 



' (n(-g,a)|[<-(0),Qr'(0)]|p(0,a,)), (6.12) 



where Q\~'^'^{Qi) is the axial- vector charge operator 

Q\-'\Q) = I d'xJ',o''{0,x). (6.13) 
Using Gell-Mann's current algebra |1S1 HH] we get 



{n{-q,a)\j;'^\0)\7r-{k)p{-k,a,)) = - ^{n{-q,a)\4~^\0M0,a,)). (6.14) 

The matrix element in the r.h.s. of ()6.14|) is related to the matrix element of the axial- 
vector current defining the /3-decay of the neutron [23 EZ] 

(n(-g, a) 1 75^2(0)1^(0, a^)) = gAUn{-q. cj)^,l''u{^, a,), (6.15) 

where Un{—q, cr) and ^(O, dp) are Dirac bispinors of the neutron and the proton. 
Thus, the matrix element of the reaction vr" + p ^ n + 7 is determined by 

M(7r- (k)p{-k)^nj) = -V2^'-^ u{-q, a)7^7'w(0, a^) e^{q, A) . (6.16) 

-Ttt 



The partial width of the decay A.„p n + 7 is equal to 



This value should be compared with the partial width of the decay A,rp rnr^, which 
reads 

r{A^p ^ utt') = ^ ^ [a]/' - afy \^ism' = 0.542eV. (6.18) 

y /J, 

The Panofsky ratio 1/P is equal to 

1 27 a 04 m„ a 1 / mi \ 

- = ^ — — — ^To ?A^(l-7 ttt) = 0.681 ±0.048. 6.19 



^The soft-pion limit as well as the soft-kaon limit should be understood as ChPT at leading order in 
chiral expansions |^ I^Bl • 
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The theoretical value agrees with the experimental data 1/P = 0.647 ± 0.004 [16j. The 
theoretical error is related to the errors of the experimental values of the S-wave scattering 
lengths aj^ - aj"^ = (0.2715 ± 0.0095) m'^ PI. 

The cross section for the reaction tt^ + p ^ n + 7 at low relative velocities of the 7r~p 
system v is equal to 

432 

a(7r p — »• nj) = /ibarn. (6.20) 

V 

The result fl6.20|l agrees well with the theoretical estimate given by Anderson and Fermi 

Now we are able to apply the technique developed above to the calculation of the 
partial widths of the electromagnetic decay channels of kaonic hydrogen A^p ^ A° + 7 
and Axp — > S° + 7. 



6.2 Radiative decays of kaonic hydrogen 

Amplitudes of the decays A^p — > A° + 7 and A^p — > S° + 7 we define in analogy to ()6.6|) . 
This gives 

(6.21) 

where /i = mK-mp/ {mx- + rnp) = 323.478 MeV is the reduced mass of the K^p system 
and ^is{k ) is the wave function of the ground state of kaonic hydrogen in the momentum 
representation. 

The amplitudes of the reactions + p — A° + 7 and + p — 5> S° + 7 read 

M{K-{k)p{-k)^A'^) = v^e{A''{-q,a)\j;'^{0)\K-{k)p{-k,ap))e^{q,X), 
M{K-{k)p{-k)^i:'^) = v^e(S°(-g,a)|jf"(0)|ir-(^)p(-^,a,))e^(g,A). 

(6.22) 

The application of the reduction technique reduces the matrix elements fl6.22|) to the form 

{k\-q,a)\Jl'^mK-{k)p{-k,ap)) = ^ lim^ z / rf^x e " ^ (□. + m^.) 

K- K" 

x(AO(-g,a)|T(j;^-(0)ir~t(x))b(-^,a,)), 

{TP{-q,a)\Jl'^mK~{k)p{-k,ap)) = lim i I rf^x e " ^ (□. + m^_) 

X {TP{-q,a)[I{JT{m'\mP{-k,<yp)). (6.23) 
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The PCAC hypothesis allows to define the interpolating field K "^{x) in terms of the 
divergence of the axial-vector current 



K~\x) = i= d^Jt'^x). (6.24) 

In the soft-kaon limit kj^- ^ we obtain 
{X\-q,a)\jf-mK~{k)p{-k,a,)) = 

{YP{-q,a)\jf-mK-{k)p{-k,a,)) = 

(6.25) 



Using Gell-Mann's current algebra |481 H9] we transcribe the r.h.s. of the matrix elements 
f)6.25p into the form 

{X\-q,a)\Jl'-{m-{k)p{-k.^,)) = --l^ 

V ^-Ta- 

{TP{-q,a)\jf-mK-{k)p{-k,a,)) = - -i— (S°(-g, a)| J5V^(0)|p(0, a,)), (6.26) 

V ^-T^- 

where Fk = 112.996 MeV is the PCAC constant of K"^ mesons [lOj. The matrix elements 
of the axial-vector current in the r.h.s. of (j6.26j) can be defined in analogy with (j6.15|) 

(A°(-g,a)|J5V^(0)b(0,a,)) = gfu^.{-q, ah,^'u{0, cr^), 

(S0(-g,a)|J5y5(0)b(0,ap)) = gfu^o{-q,a)j,jMO,crp). (6.27) 

The partial widths of the decays Axp — * A°7 and Axp S°7 are equal to 

r(..,^E%) . „?M^i^(l-^_^)|..,^^ (.28) 

The coupling constant can be taken from the data on the /?-decay of the A°-hyperon, 
A° ^j9 + e- + z/e: c/f = 0.718 ±0.015 Hn]. Due to isospin invariance of strong interactions 
we can set gf = g^ /V2 = 0.240 ± 0.012 where gf = 0.340 ± 0.017 defines the 
/3-decay E~ — >• n + e" + z/g [lU] • As a result we obtain the following numerical values of 
the partial widths 

r(A^p^A°7) = (0.82 ± 0.04) eV, 

r(Ai^p^S°7) = (0.08 ± 0.01) eV, (6.29) 

where we have used = 1115.683 MeV and mso = 1192.642 MeV 

The parameter X, the inverse Panofsky ratio for kaonic hydrogen, is equal to 

T{Akp^A''i) + T{Akp^^'i) 3 1 /i 1 

A = — = a 



X 



Ti. 167r F2 rriK- Imf^'^iO) 

(3.97 ± 0.47) X 10~^ (6.30) 
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Thus, the contribution of radiative decay channels A^p — ^ A°7 and A^p — > to the 
width of the ground state of kaonic hydrogen is less than 0.5%. 

The branching ratios B{Akp A°7) = (3.61 ± 0.43) x lO'^ and B{Akp S°7) = 
(0.35±0.04) X 10"^ obtained for the partial widths (j09|l and the total width Ti^ = (227± 
27) eV given by ()4.22j) . are in qualitative agreement with both theoretical values, predicted 
by Hamaie et al. IHO], B{Akp ^ A°7) = 4.72 x lO'^ and B{Akp ^ 2%) = 2.43 x lO'^, 
and experimental values, B{Akp A°7) = (0.86 ± 0.12) x 10"^ and B{Akp S°7) = 
(1.44 ±0.23) X 10-3 ill. 

The branching ratio of the radiative decays of the A (1405) resonance is equal to 
B(A(1405) ^ AO7) + B(A(1405) ^ S^) = (0.13 ± 0.03)% [El The data on ra- 
diative decays of the 11(1750) resonance are absent 

Hence, within an accuracy about 1% one can neglect the contributions of radiative 
decay channels to the width of the ground state of kaonic hydrogen. 

7 Conclusion 

We have analysed the energy level displacement of the ground state of kaonic hydrogen 
within a quantum field theoretic and relativistic covariant approach. In our approach 
the energy level displacement of the ground state of kaonic hydrogen is defined by the 
amplitude of the reaction K~ + p ^ K~ + p, weighted with the wave functions of kaonic 
hydrogen in the ground state ()3.5|1 . It reads 

. Vis 1 f d^k f d^q / mK-rrip I rriK-mp 

-ei. + ^— = ^^^_^^y (^y (2^ y EK-ik)Epik) \l EK-{Q)Ep{q) 

x^l{k)MiK-iq)pi~q,ap) ^ {k)p{-k, ap)) <^Uq)- (7.1) 

By virtue of the wave functions ^{^{k) and $is(g) the integrand is concentrated around 
momenta k ~ l/a^ and q ~ ^/clb, where l/as = 2.361 MeV. Since typical momenta 
are much less than the masses of coupled particles, m^- ^ l/a^ and rup ^ l/a^, the 
zero-momentum limit k = q = turns out to be a good approximation^'^. This results in 
the well-known DGBT formula 

-e^s+^^ = 2a'^^'f^''{0), (7.2) 

where ^(0) is the partial S-wave amplitude of the reaction K'^ + p + p aX 

threshold. 

For the description of the amplitude ''(0) we have suggested the dominance of a 
smooth elastic background of low-energy K~p scattering and three resonances A(1405), 
the 5'f/( 3) flavour singlet, and the A(1800) and S(1750), the components of the 5'f/(3)flavour 
octet. These resonances saturate the part of the amplitude which we have denoted as 

^"^An expansion in powers of the relative momenta should lead to the corrections of order of powers 
of a, i.e. the term of order 0{^/kq) gives a correction of order 0(a) and so on, caused by Coulombic 
photons. We are planning to analyse these corrections in our forthcoming publications. 
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The imaginary part of the amphtude /q ^{0)r is related to inelastic channels K p ^ 
Tj~ 7r~^ ,K~p S+TT", K~p — >■ S°7r° and K^p A^vr^, which are fully described by the 
resonances A(1405), A(1800) and E(1750). 

For the analysis of the consistency of our approach, applied to the description of 
inelastic channels K~p -k^ ,K~ p —>■ S+vr^, K^p S^vr*^ and K^'p —>■ A'^vr'^, we have 

used the experimental data 7 = 2.360 ±0.040, i?„ = 0.189 ±0.015 and Rc = 0.664 ±0.011 
fl4.7|l on the ratios of the cross sections for the reactions K~p — >■ Il~7r^ ,K~p S^vr", 
K~p S°7r° and K~p A°7r°. We have found that in our approach these experimental 
constraints are fulfilled within an accuracy better than 6%. 

Moreover, we have shown that in our approach between three parameters 7, i?„ and 
Rc only two parameters are independent. Assuming that these are 7 and Rn we have 
expressed Rc in terms of 7 and Rn- Using the experimental values for the parameters 
7 and Rn we have obtained Rc = 0.626 ± 0.007 that agrees with experimental value 
Rc = 0.664 ± 0.011 within an accuracy better than 6%. Most likely that the obtained 
agreement of our approach with experimental data on 7, Rn and Rc is a consequence of 
the 5't/(3)fiavour singlet -octet nature of the resonances A(1405), A(1800) and E(1750). 

One of the consequences of the experimental data ()4.7p on the cross sections for in- 
elastic channels of low-energy K~p scattering and the 5'[/(3)flavour singlet-octet nature of 
the resonances A(1405), A(1800) and S(1750) is a suppression of the contribution of the 
A (1800) resonance. Indeed, due to the experimental constraints ()4.7|) the ratio of the cou- 
pling constants of the antisymmetric and symmetric 5'?7(3)flavour phenomenological B2BP 
interactions, 02 = f2l 92-, turns out to be very close to —1/3. Since the coupling constant 
of the A(1800) resonance with the KN pairs is proportional to (1 ± 3a2), it decouples 
from the KN system for 02 = —1/3. 

For the numerical analysis of the amplitude of K~p scattering near threshold we 
have used the recommended values for the masses and total widths of the resonances 
A(1405) and S(1750): mA(i405) = 1406 MeV, rA(i405) = 50MeV and ms(i75o) = 1750 MeV 
and rs(i75o) = 90 MeV. This has given the following value of the resonant part of the 
amplitude of K~p scattering near threshold 

/o^~^(0)i?, = (- 0.154 ± 0.009) ± i (0.269 ± 0.032) fm. (7.3) 

Since the smooth elastic background should be fully real, the imaginary part of ^(0)/? 
coincides with the imaginary part of the S-wave amplitude ^(0) of K~p scattering 
near threshold. As a result it should fit the experimental data on the width of the energy 
level of kaonic hydrogen in the ground state. Using the DGBT formula, which is the 
non-relativistic reduction of our formula (7.1), we have got the value F*^ = (227 ±27) eV 
fitting well the meanvalue of the experimental data by the DEAR Collaboration Fi^ = 
(213 ± 138) eV [H]. 

The shift ei^ of the energy level of kaonic hydrogen in the ground state is defined by 
the S-wave scattering length ^ of K~p scattering. In our approach af^ ^, the real part 
of the amplitude ^(0), is determined by the sum of the contributions of the resonances 
and a smooth elastic background: ^ = TZe ^(0) = TZe ^(0)_r ± ^. 

We have calculated the contribution of the smooth elastic background within the 
Effective quark model with chiral U{3) x U{3) symmetry: ^ = (—0.328 ± 0.033) fm. 
This gives the S-wave scattering length ^ = (—0.482 ± 0.034) fm and the shift of the 
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energy level of the ground state of kaonic hydrogen e*^ = (203 ± 15) eV, which fits well 
the experimental data e'j^^ = (183 ± 62) eV by the DEAR Collaboration [Tl] . 

At the hadronic level we have calculated the parameter ^ in terms of the con- 
tribution coming from all hadron exchanges taken at leading order in ChPT, described 
by Effective Chiral Lagrangians, and scalar mesons ao(980) and /o(980) having an exotic 
qqqq (or KK molecule) structure. Due to the lack of information about ao(980)A^A^ and 
/o(980)A^A^ coupling constants, the parameter ^ has been found dependent on an 
arbitrary parameter ^. Comparing this expression with that obtained at the quark level 
we have estimated ^ = 1.2 ± 0.1. Of course, an additional information about the value 
of ^ can be extracted from the analysis of the contributions of the ao(980) and /o(980) 
mesons to the reactions of KN interaction at transferred momenta of order of 1 GeV. 

Thus, in our approach the S-wave amplitude ^(0) of K~p scattering near threshold 
is equal to 

/g^"P(0) = (-0.482 ± 0.034) + i (0.269 ± 0.032) fm. (7.4) 

This leads to the following theoretical prediction for the energy level displacement of the 
ground state of kaonic hydrogen 



pth 

.th , ^ ^ Is 
~ls 



+ = (-203± 15) + z(113± 14)eV, (7.5) 



which fits well the experimental data by the DEAR Collaboration 

-pexp 

-eif + ^ ^ = (-1^3 ± 62) + z (106 ± 69) eV. (7.6) 

The calculation of the partial widths of the radiative decay channels of pionic and kaonic 
hydrogen we have carried out within the soft-pion and soft-kaon technique [IHllini We 
have shown that for pionic hydrogen the partial width of the decay A^^p ^72 + 7 gives 
the Panofsky ratio 

P r(A^p tittO) ^ ' 

agreeing well with the experimental value 1/P = 0.647 ± 0.004 [IS]- 

Unlike pionic hydrogen, where the radiative decay At^p ^ + 7 gives a contribution 
of about 65%, the contribution of the radiative decay channels Axp — A° + 7 and Axp 
E° + 7 is less than 1%. The theoretical predictions for the sum of the branching ratios of 
the radiative decay channels of the A(1405) resonance makes up (0.13 ±0.03)% [UH IH^ 

Thus, the value of the parameter X, supplemented by the contribution of the radia- 
tive decays of the A(1405) resonance, does not exceed 1%. Since both theoretical and 
experimental accuracy of the definition of the energy level displacement of the ground 
state of kaonic hydrogen are worse than 1%, one can neglect the contribution of the 
electromagnetic decay channels of kaonic hydrogen to the total width Fi^. 

^^A constituent quark-diagram technique for the derivation of the soft-pion and soft-kaon low-energy 
theorems has been elaborated by Natalia Troitskaya in (23] (see also |19l I64| ). 

^^Theoretical and experimental data on the radiative decays of the E(1750) resonance are absent |1U| . 
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Thus, we can argue that strong low-energy KN interactions define fully the experi- 
mental value of the energy level displacement of kaonic hydrogen measured by the DEAR 
Collaboration 

An agreement of our theoretical predictions for the energy level displacement of the 
ground state of kaonic hydrogen (7.5) with the experimental data by Iwasaki et al. (the 
KEK experiment) fHH] 

pcxp 

-eif + i = (-323 ± 63 ± 11) + i (204 ± 104 ± 50) eV. (7.8) 

seems to be only qualitative. 

We would like to emphasize that the new data on the energy level displacement have 
been obtained by the DEAR Collaboration due to a significant improvement of the ex- 
perimental technique and methodics of the extraction of the energy level displacement of 
kaonic hydrogen from the data on the np — >■ Is transitions, where np is an excited state 
of kaonic hydrogen ^3] . 



Acknowledgement 

We are grateful to Georgii Shestakov for clarification of exotic properties of the ao(980) 
and /o(980) mesons as the four-quark (or KK molecule) states and John Donoghue for 
discussions. We appreciate discussions with Jiirg Gasser and Akaki Rusetsky. 

We thank Torleif Ericson for the discussions of our approach to the description of 
the Panofsky ratio for pionic hydrogen and Evgeni Kolomeitsev for the discussions of 
low-energy theorems for K~p scattering. 

The results obtained in this paper have been reported at the Workshop on CHIRAL 
DYNAMICS at University of Bonn, 8-13 September 2003, Germany and at the Workshop 
on HADATOM03 at ECT* in Trento, 12-18 October 2003, Italy PEII. 



^•^A tangible contribution about 50% to the paramter X, coming from the isospin-breaking and elec- 
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Appendix. Calculation of ^ within Effective quark 
model with chiral U{3) x U{3) symmetry 

Using the expression for the external sources rip{x2) and f]p{x3), given by and 
substituting them in ()5.22j) we obtain 

M{K-p ^ K-p) = 1^91 gl e''^ ' e'^'' J d'x^d^x^d^ e^q' ' + w' ■ X2 - ip ■ 

Xu{p',a' )a{il^)a^bi {C-f^)a2b2 {ltil^)ac2 (lul^) c^biluC) a^b; {il^)aibMP^ 
x{0\T{Ui{Xi)a^Si{Xi)b^Ui>{x2)a2Uj'{x2)b2dk'{x2)c2M^3)c3Uj{x3)a3U^^ 

(A.l) 

where the index c stands for the abbreviation connected. 

Making contractions of the d- and s-quark field operators we reduce the r.h.s of (A.l) 
to the form 

M{K-p ^ K-p) = i\glgl e'' ' e'^^ J d^x,d'x2d'x, ^iq' ■ x, + ip' ■ X2 - ip ■ x, 

Xu{p',a' )a(i7^)ai6i {C-f^)a2b2 {lt^l^)ac2 (7^7^)c36(7^C')a3b3 {h^)a4bMP^ 
X ( — z) Sp\xi)hj^a4 {~'^) Sp\x2 — a^3)c2C3 
X {0\T{ueiXi)a^Ui>{x2)a2Uj'{x2)b2Uj{x3)a3Ukix3)i,3Ui{0)bJ\0)c, (A. 2) 

The requirement to deal with only connected quark diagrams prohibits the contraction of 
the M-quark field operators U£{xi)ai and ^^(O);,^. The result reads 

M{K-p ^ K-p) = 3glglj d^xid'x2d% ? ' " a:i + ' ■ - ■ X3 

X U{p a ' )a(7^)aibi {C-f^')a2b2 {lt^l^)ac2 {l,yl^)cAl'yC)a3b3 {l^)aibMP^ (^)b 
X (2^1)61(14 Sp\x2 — X3)c2C3Sp\x2 — Xi)a2aiSp\x2 — Xs)b2a3Sp\—X3)bib3- (A. 3) 

Summing over the indices we end up with the expression 

M{K-p ^ K-p) = ?>glgl j d^x^d^X2d^x; e^q' ■ xi + ip' ■ X2 - ip ■ x^ 

xu{p',a' )7^'4'^ {X2 - x,)YiMp, ^) 

X tr{7'S^;\x,)^'sPi-xs)C''^^S^;\x2 - X3)^JC^4")(x2 - x,)}. (A.4) 
Using the relations 

C^lIsPix2 - x,)^^lC^ = -7.4"H^3 - X2)^, (A.5) 
we transcribe the r.h.s. of (A.4) into the form 

M{K-p K-p) = -3glgl J d^Xrd^X2d''x^ ^iq' ■ x^ + ip' ■ X2 - ip ■ x^ 
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X 'tT{^'SP{x,)r'SP{-X^)^,SP{x3 - X2h,SP{x2 - X^)} 

In the momentum representation the r.h.s. of (A. 6) reads 



(A.6) 



MiK-p^K-p) = 3g'^gi, 
1 5 1 



^2 - 



{2n)H {2tt)H 



X tr< 7 



1 

rrid - ki 
1 



u{p, a) 



(A.7) 



uis - k2 niu- k2 + q niu - k2 - ki + p + q rriu - k2 + q' ■ 

The result of the calculation of momentum integrals within the procedure accepted in the 
Effective quark model with chiral U{3) x f/(3) symmetry PTj-JH] is equal to 



9b (QQ) rris + m 



M{K-p ^ K-p) = ^^i^ 



K 



m L 



m„ in[l + 



A? 



— m inll + 



A 



m 



(A. 



where (qq) = — (252.630MeV)^ is the quark condensate, A^ = 940 MeV is the scale of the 
spontaneous breaking of chiral symmetry ^3 ^\ . The parameter ^ is given by 



al {qq) 



rris + m 



M{K-p K-p) 
A? 



/ AS / A2Nn 

mlln[l + ^]-m^ ln[l + ^] = -0.328 fm. (A.9) 
V mi/ \ m-^/J 



GAir^ rriK- + rnp — m 
A theoretical accuracy of this result is about of 10% [II]-[in] and 
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